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Syntheses  for the Deconvolut ion  of the Pat terson  Function.  Part  IV. Ref inement  
of the Theory  and a General  C o m p a r i s o n  of the Various Syntheses  

B r  R. SRINrVASA~ 

Department of Physics, University of Madras, Madras 25, India  

(Received 2 June 1960) 

The details of the y class of syntheses are given in this paper. The theory of the standard syntheses 
namely, IFt, exp [ia], exp [2ia], 1~IF ] and 1/F is refined to the next higher order of approximation. 
The results are then applied to work out the ratio e of the strength of the peak at the unknown to 
that  at the known atomic positions in the a, fi, ~, a', fi' and y' syntheses. Finally a general comparison 
of the various syntheses is made using the above ratio as the criterion for judging their relative 
merits. 

1. In troduc t ion  

I n  Pa r t  I (Ramachandran  & Raman ,  1959) of this 
series were out l ined the  general principles involved in 
certain classes of syntheses which were proposed for 
developing a s t ructure  from its Pa t te r son  funct ion 
when a par t  of it  is known. The more detai led mathe- 
mat ical  aspects of the problem were presented in 
Pa r t  I I  (Raman,  1959) and the t r ea tmen t  there 

per ta ined to the general case of a non-cent rosymmetr ic  
structure.  The extension of the  theory  to the  centro- 
symmetr ic  case was considered in Pa r t  I I I  (Raman,  
1961). 

Two of the classes, namely  a and fl were discussed 
at  length in the  earlier par ts  and it  was pointed out  
t h a t  the  th i rd  class, namely  the y, was l ikely to have 
properties in between the a and fl classes. The existence 
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of another  series of syntheses called the a ' ,  fl' and y '  
syntheses which are closely related to the a, /~ and y 
classes respectively was also pointed out in Par t  I. 

The interpretat ion of these different classes of 
syntheses demanded  first the analysis of the signifi- 
cance of the s tandard  classes of syntheses which em- 
ploy as Fourier  coefficients the quanti t ies  IFI, exp [i~], 
1IF etc. In  the earlier parts, the properties of these 
s tandard  syntheses were worked out only to the first 
order of approximation.  This paper is pr imari ly  con- 
cerned with working out theoretically the various 
s tandard  syntheses to the next  higher order of ap- 
proximation.  The necessity of this ref inement  was 
actual ly  felt while applying the earlier results to the 
interpretat ion of the various syntheses. As was men- 
t ioned in Par t  I, an exact interpretat ion is possible 
only for the c~ class of syntheses whereas the others 
could be worked out only to various degrees of 
approximation.  The second order of approximat ion 
has therefore been applied to the different classes and 
their  relative merits  of each are discussed in this paper. 
The power of the different syntheses to reveal the 
unknown part  of the structure is judged from the value 
of the ratio (~) of the peak strengths at the required 
atomic positions to those at the known positions. 

Further ,  for the sake of completeness, a brief discus- 
sion of the details of the y class of syntheses is given 
in section 2. This should be reckoned along with those 
given for the ~a and fl classes (Part II). Further ,  a close 
s tudy of the nature  of these syntheses and of the 
dashed series have revealed a striking fact which 
he!ps us to give a unified formulat ion of the whole 
theory. This is also considered in the next  section. 
The notat ion follows tha t  of the earlier parts. 

and hence exp [i0¢e] itself can be used for the purpose 
of deconvolution. 

A s tudy of the synthesis using the modulus of the 
structure ampli tude,  namely,  [FI as coefficients 
(Part II) shows tha t  it resembles closely the Pat terson 
function. This immedia te ly  suggests tha t  it should be 
possible to use IFI itself, instead of the intensities, with 
either Fp, 1/F* or exp [iap] for extract ing the un- 
known part  of the structure. This gives rise to the new 
series of syntheses namely  a ' ,  fl' and y'  which make 
use of the Fourier  coefficients ]F~vlFp, [F2vl/F* and 
IF~,] exp [i~p]. In  fact, a synthesis using any  power 
of IFI resembles, to a first approximation,  the Patter-  
son function. Thus calculation shows tha t  a synthesis  
using IF21 - as coefficients has, as a first approximation,  
an origin peak of strength S 2" and peaks at the same 
position as in the Patterson, namely  at ( r i -  rj) having 
strengths nf~f~S(2,-2). Thus the relat ive weights of the 
non-origin to the origin peak in the IF] 2~ synthesis is 
n t imes that  in the ordinary Patterson function. 

Using this a rgument  it is readily seen tha t  even more 
generally the whole series of syntheses having Fourier  
coefficients of the form ]F~'["lFp]n exp [i~xp] are ca- 
pable of revealing the unknown Q atoms. When  m = 2 
and n = l ,  - l ,  0, we get respectively the a, fl, y classes 
and when m = l, n = l,  - 1, 0, we get the a ' ,  fl' and y'  
classes of syntheses. I t  appears tha t  the more general 
types are not so useful as the six t )Tes a, fl, y and 
the a ' ,  fl', y'. 

The general y synthesis (ygen) 

The ygen synthesis uses as its coefficients the 
function ]FN[ 2 exp [iMp]. I t  can be shown tha t  this 
reduces to 

2. T h e  7 c l a s s  of syntheses 
The y class of syntheses follows as a natura l  conse- 
quence of the s tudy of the ~ and fl classes. In  the 
a class a known function of the quanti t ies ]FN] e and 
]Fp[ 2 is mul t ipl ied by  the structure factor Fp (i.e., 
by ]Fp] exp [iap]) of the known part,  while in the 
6 class the same funct ion is divided by F*  (which is 
equivalent  to mult ipl icat ion by (exp [i~P]/IFPI). The 
in termedia te  process would obviously be to use the 
phase factor exp [loeB] alone for multiplication.  I t  is 
possible to show tha t  this would also lead to the 
development  of the unknown part  of the structure by 
the following argument.  A careful s tudy of the nature  
of the c¢ and fl classes shows tha t  the par t  used for 
the purpose of deconvolution resembles closely the 
structure of the known part.  While in the case of the 

class this is obvious, since .Fp itself is used, it is not 
so evident  in the case of the fl class which uses ( l /F*) .  
But  it has been pointed out in Par t  I tha t  the synthesis 
I/F* resembles Fp to a first approximation.  So also 
it has been shown tha t  the phase synthesis exp [iccp] 
resembles, to a first approximation,  the structure Fp 

))gen ---- 

]FpIFp + IFQI 2 exp [ic~p] + Fp exp [iap]F~ + FQIFp I . 
(9) (10) (11) (12) 

(The number ing  is in conformity with Parts  I and II). 
The synthesis therefore consists of four parts,  (9) to 
(12) as in the case of O~gen and flgen, each of which 
can be interpreted as a modulat ion of the different 
s tandard  syntheses discussed in Par t  II. The term (12) 
contains the required structure Q. The other terms 
besides containing the known peaks also contr ibute 
to the background. The term (l l) consists of the 
modulat ion of three quanti t ies  Fp, exp [lap] and F~. 
In  working out the positions of the peaks and their  
strengths we need consider only the first-order inter- 
action. Table 1 gives the number ,  position and weight 
of the various peaks in the ygen synthesis.  This can 
be compared with Tables 1 and 2 (Part II) of the 
~gen and fi~e,~ syntheses respectively. 

Modified y synthesis (ymod) 

The modified y synthesis takes the form 
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~'moa = (IFNI z - IFPI  2 - .~'f~;.) exp [iap] 
i 

=exp  [/ap] [27 27 fQ,fQj exp [2xiH. ( r e , -  rQ~)]] 
i i 
i-+-] 

-'k FpF~ exp [ioce] q- FQ[Fp[ . 

The peaks of (I0), (11) and (i2) with the exception of 
(10-1) are present in ymoa. The unwanted background 
is therefore lower here than in the case of ygen. 

Isomorphous y synthesis ()Jis) 
Analogous to the Cqs and flis w e  have 

~ =  [(IF~)I 2 -  IF~)12) - ( IF~)12- IF~) I2 ) ]  exp [iccp]. 

This is equivalent to (Part II) 

Vi~ = IFpIFQ + exp [i~xe]FpF~ . 

Thus y~s gives the structure against the background 
of (11.1) and (11.2) and is thus similar to/?is. 

Anomalous ~ synthesis (Tan) 
I t  is clear that  

~]an ~--- l-Pp[ flan 

- I F ~ ; I ( ~ d l F N I ~  ~ ' ~ " ,  - , ,  . . . .  - - ~ .  e~.~o + 2 ' p  "_~'p) exp [ i a p ]  , 

which is equivalent to 
t t  I t  • I t  • t !  ~I C (FQFp* + F~Fp) exp [~c~p] = FQ]F'j,* I + Fp exp [z~p]FQ. 

Thus the structure FQ is obtained against a back- 
ground which is part ly positive and part ly  negative 
and in this respect it resembles more the ~ than the 
fl~n synthesis. 

3. R e f i n e m e n t  o f  t h e  s t a n d a r d  s y n t h e s e s  

The interpretation of the standard syntheses in the 
earlier parts was essentially based on an analysis of 
the nature of the modulus (IFI) synthesis. This was 
achieved first by taking [FI in its equivalent form 
([Fr)½ and expanding it as a 'Taylor series'. The 
knowledge of the properties of the modulus synthesis 
coupled with the principle of modulation led to the 
properties of the phase synthesis exp [lap] from the 
equality IF[ exp [ic¢] = F. A similar procedure was then 
adopted for interpreting the other types of syntheses. 
However, because of the very nature of the approx- 
imation involved, it  was not possible to solve for the 
peak strengths exactly and the values given for the 
peak strengths in Par t  I I  correspond only to the first 
order of approximation. 

The procedure adopted here for working out the 
next higher order of approximation is as follows. 
An examination of the results in Par t  I I  would show 
tha t  the peak strengths are equal to some multiple of 
a product of the f / s  with a power of S~v; e.g., the peak 
at  ( r i - r~ )  of the modulus synthesis has a strength 
½.fifj/SN. I t  is obvious that  the peak positions are 

unaffected by the order of approximation and also 
that  the relative order of magnitude of the different 
types of peaks are also unaffected; e.g., the origin 
and the non-origin peaks of the modulus synthesis 
are of the order of SN and fif~/SN. This is readily 
verified by checking the equations used for working 
out their strengths (also the equations to be given 
below), in which only quantities of the same order of 
magnitude are equated. On the other hand the co- 
efficient which multiplies the product (f~f~...S~v) 
changes with the order of approximation used. 
Anticipating a result to be worked out below, the 
coefficients a and fl of SN and ~fJ/SN for the IF] 
synthesis are respectively 1 and ½ to the first order of 
approximation while they become 0.92 and 0"38 to 
the second order. 

The main principle used in working out the higher 
order of approximation is to take all terms to this 
order in the various equations and to equate them. 
The procedure is best understood with reference to the 
modulus synthesis which is obtained from the equation 

IFtlFI=IFI 2. (1) 

I t  is now assumed that  the IFI synthesis contains a 
first-order peak of strength 0¢SN at the origin and 
second-order peaks of strengths flfifj/SN at (r , --r j ) ,  
where a and fl are the unknowns. On the right-hand 
side we have the Patterson synthesis which is known 
to contain a peak of strength S~v at the origin and 
second-order peaks of strengths ftfj  at ( r , - r j ) .  The 
contribution to the origin term from the left-hand side 
arises from two types of interaction between the IFt 
syntheses : 

(a) those between the origin peaks ~S~ and 
(b) those between the non-origin peaks flfifj/Slv. 

The total contribution to the origin term on the 
left-hand side can easily be shown to be~ (a2 + fl~)S~ 
and this is equated to the corresponding term on the 
right-hand side, giving the equation 

a2 + f12 = 1 . (2) 

A similar calculation of the peak strength given by 
both sides of the equation at the position ( r , - r j )  
leads to the equation 

2 f l ( a + f l ) = l .  (3) 

A solution of these two equations leads to the values 
a=0 .924  and fl=0-383. I t  may be pointed out tha t  
taking the first approximation to a and fl is equivalent 
to solving the two equations 

a 2 ---- 1 , (2a) 

There  is a small app rox ima t ion  involved in wri t ing the  

second te rm as fl2S~., in t ha t  ~,_~'f~f~(i~=j) is pu t  equal  to 
i j 

( ~ f ~ ) 2 .  The error  is not  serious if N is large. 
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2 ~ f i = l  , (3a) 

analogous to equations (2) and (3) above, which are 
obtained by taking only terms upto the first order in 
equation (1). These lead to the values of c~= 1, f l=0.5 
given in Par t  II.  These refined values of ~(=0.924)  
and fl(=0.383) are taken as the starting point for 

Table 1. Peaks in ~gen synthesis 
C o r r e s p o n d i n g  

p e a k  i n  
D e s i g -  T a b l e  1 T a b l e  2 

S t r e n g t h  P o s i t i o n  n a t i o n  (of P a r t  I I )  

fp jSp  + . ~  f2i /2S P rpi 9.1 1.1 5.1 

fpifpjfplc/2Sp rp~ + rpi -- rplc 9.2 1.2 - -  

(i , j#k) 
fp jS~/Sp r p j  10.1 2.1 6.1 

fpkfQifQi/Sp rplc + r q i  --  rQ~ 10.2 2.2 6.2 

( i#j )  
2 3 --fpffp~fp~Sq/2Sp r p j  + r p ~ - -  r p t  

(k#~) 
10.3 - -  6.3 

fQif~]/Sp 2 r p j  - -  rQ~ 11.1 3.1 7.1 

2fpifpifQk/S P r p i  + rp~ --  rQ~ 11.2 3-2 7.2 

( i # j )  

fQjSp r Q j  12.1 4.1 8.1 

fp~fpjfQ~c/Sp rp~ + rpg -- rqk 12"2 4"2 - -  

( i#j)  

Table 2. Peaks in the standard syntheses 
V a l u e  of t h e  

S y n t h e s i s  P e a k  s t r e n g t h  P o s i t i o n  u n k n o w n s  

IFI aSN 0 a =  0 .92 

flf~fi/SN r ~ - r  i f l =  0 .38 

e x p  [in] x f i /SN r~ x = 0.90 

yflfff~/Sa~v r~ + r j  - r ~  y = - -  0 .45 

e x p  [ 2 i n ]  Xfiff/S~v r i  + r j  X = 0 .85  

YfJyfkf~/S~v r i  + r I --  r ~  + r t  Y = --  2 .50  

I/IFI ~ISN 0 ~ = 1.2 
(~f~fj/Sa~v r i  --  r1 d = --  0 .27 

1/F pfdS~v - r i  p= 0-95 
qfJif~/S~T -- ri -- rj + r~ q = -- 0.66 

working out the results for the other standard syn- 
theses such as exp [is], exp [2ic~] etc. However, un- 
like in Par t  II ,  where a particular equation alone is 
used for working out the results for each synthesis, 
a number of equations connecting these are used here. 
Thus, if we combine IF] with exp [is] and exp [2in], 
we obtain the following simple combinations (4) to 
(10), connecting the above synthesis and the well- 
known syntheses F,  2'2 and ]FI2. 

IFI e x p  [ i s ]  = F (4) 

exp [ ia] .exp [ - i s ]  = 1 (5) 

IFi 2 exp [ia] = F 2 exp [ - i s ]  (7) 

IFI2 exp [2in] = F 2 (8)  

exp [ i s ] . exp  [is] = exp [2ic~] (9) 

IF[ exp [2ic~] = F exp [ i s ] .  (10) 

In each of these equations the peak strengths cor- 
responding to the first and second order can be worked 
out from both sides and they lead to the following 
sets of equation. Using the designations adopted in 
Table 2, 

x(oc+fl)+fly = 1 (1-00) [1.25] t 
(11) y(a+2fl )+2f lx  = 0 (0.08) [0.0] 

x e + y  2 = 1 (1.01) [1.25] } (12) 
x 2 + 2xy = 0 (0.0) [0.0] 

2 x + y - ~ - f l = O  (0.05) [0.0] 
(13) 2 x + 3 y -  fl = 0 (0-07) [0.0] f 

x+2y  = 0 (0.0) [0-0] (14) 

X - 1  = 0  ( -0 .10)  [0.0] / 
(15) Y + a x  = 0 ( -0 .20)  [*] f 

2 x ( x + y ) - X = O  (--0.09) [0.0] 
(16) 6 x y - Y = O  ( -0 .07)  [*] / 

X ( a + 2 f l ) - 2 x - y = O  (0.16) [0.0] / 
(17) ~ Y + 3 f l X - 3 y  = 0 (0.08) [*] f 

All the equations (4) to (10) are exactly valid. How- 
ever, the equations (11) to (17) worked out from these 
are valid only to the second order of approximation 
and therefore no values of a, fl, x, y and X, Y will 
fit them all exactly. By a method of trial and error, 
the following set of values, correct to two significant 
figures have been deduced: 

= 0.92, fl = 0.38 ; x = 0.90, y = - 0.45; 
X = 0.90, Y = - 2.5.  

The values obtained for the right-hand sides of 
equations ( l l )  to (17) using these values are given in 
round brackets which would give an idea of the 
accuracy of the approximation. The values obtained 
using the first approximation of Par t  II ,  namely, 

~ = 1 ,  /5=0-5; x = l . 0 ,  y = - - 0 - 5 ;  X = I - 0 ,  Y = * ;  

are also given within square brackets. I t  will be seen 
tha t  the first approximation leads to large errors in 
some cases. 

:Now for obtaining the values of p and q of the 
reciprocal synthesis ( l /F)  it is found convenient to 
interpret ( l /F)  as of the form 

1/F=(1/]F]) exp [ - i c~] .  (18) 

The unknowns y and d of the first term on the right- 
hand side, namely, the reciprocal modulus synthesis 

IFI e exp [is] = ]FIF (6) * Y d o e s  n o t  o c c u r  i n  t h e  f i r s t - o r d e r  c a l c u l a t i o n s .  



R. S R I N I V A S A N  611 

(1/IFI) were first obtained as described above, using 
the set of equations 

( I / IFI) IFI  ~ = IFI (19) 

(I/IFI)I~'I = I (20) 

F(1/IFI)  = exp [ i s ]  (21) 

F2(1/IF[) = F exp [ i s ] .  (22) 

Here, the quantities s, fl and x, y of the modulus and 
the phase syntheses were assumed to have the values 
given above. The values of 7 and d thus deduced were 
then found to be y =  1.2 and d = - 0 . 2 7 .  Using these 
values in the equation (18) we get p=0.95 and 
q= -0.66.  These results are also included in Table 2. 
I t  should be mentioned here that  when the peak 
strengths of the (I/F) synthesis were directly cal- 
culated using various equations such as 

F . ( I / F ) = ] ,  (I/F)F~=F, ( I / F ) I F I ~ = F  *, 

inconsistent results were obtained when only quan- 
tities up to the second order were included. Since the 
IFI synthesis has been taken as the main one in our 
discussions, the above method of working out the 
(1/IF]) and then the (l /F) synthesis in terms of this 
was adopted. The consistency of this procedure may 
be verified from the fact that  the equations arising 
from the combinations (19) to (22) were fairly well 
satisfied by the above values of ~,, (3, p and q. How- 
ever, some caution is necessary in the use of these 
values of p and q for the synthesis 1/F. 

4. A general comparison of the a, ~, and ~, 
syntheses 

In order to compare the relative merits of the various 
syntheses it is useful to have some criterion whereby 
their utility may be judged. We can adopt for this 
purpose the ratio @ which is the ratio of the strength 
of the peaks at the unknown positions to that  at the 
known positions. This ratio can be calculated for the 
different classes of syntheses making use of the values 
of the various constants given in Table 2. The cal- 
culation of @ in these cases demands fairly accurate 
knowledge of the strengths and positions of the peaks 
in the standard syntheses and in fact, the refinement 
discussed in the last section was made mainly for this 
purpose. The values of @ for the different syntheses 
are listed in Table 3. @' corresponds to the limiting 
case when P tends to h r. 

As expected, the 7 class of syntheses has properties 
intermediate between the s and fl classes. When the 
three general syntheses, namely, agen, ~gen and ygen 
are compared (Table 1) it is seen that  the positions 
of the various peaks are the same in all of them though 
in some cases their relative weights are different. 
I t  is to be noted that  the peak (4.2) of agen is present 
in ~'gen also, whilst it is absent from flgen. In short 
ygen contains peaks corresponding to both Sgen and 
#gen syntheses. 

However, a comparison of the values of @ (Table 3) 
shows that  the fl synthesis is superior to both the 
s and y syntheses as far as the peak strengths at the 
required positions are concerned. In fact of all the 
syntheses the fl synthesis has the maximum value of @, 
namely unity. 

Table 3. Values of the ratio @ of the strength of the peaks 
at the unknown to that at the known atomic positions 

in the various syntheses 

Synthesis @ @' (P --> N) 

(s~IS~ + s~) 0.50 
(s~/s~+o.95s~) loo 
(s~/1.47s~+ o.gss~) o.o7 

~" (s~12.42s~ + s~) o.~9 
13" (S~el2.~2s} + s~e- o.7os~/s~) o.a7 
~,' (s~/2.sos~ + o.43s~) o.31 

However, there arises one practical difficulty in 
performing the fl synthesis, as already pointed out in 
Part  II. Thus if some reflections have small values of 
IFJ, the corresponding coefficients in the fl synthesis 
tend to be large. Such terms should be neglected from 
the summation. In both the s and y syntheses, this 
difficulty obviously does not arise. But it should also 
be noted that  the ambiguity of phase for small values 
of IFI is present in all types of syntheses, as for example 
even in the usual heavy-atom (y') synthesis. This type 
of difficulty can therefore best be got over by omitting 
such ambiguous terms from the summation. 

Coming to the dashed series, it is clear that  all of 
them are in general inferior (judged from the value 
of @) to the undashed syntheses. However, a word of 
caution is necessary when applying this criterion of @. 
The value of @ given here refers only to the case when 
the background strength is zero. In an actual case 
this may not be true, since the number of peaks 
contributing to the background may be quite large 
even though individually the strength of each peak 
may not be high. The effect will be particularly serious 
in projections since a large number of them can add 
up to enhance the background strength. The value 
of @ in such cases should obviously correspond to the 
peak height over and above the background. Such 
practical aspects of this problem are reserved for a 
later paper. 

The author wishes to express his sincere thanks to 
Prof. G. N. Ramachandran for the valuable sugges- 
tions he gave during this investigation. 
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